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Investigation of the Stress Distributions in Corner Tensioned
Rectangular Membranes
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A study is made of the stress distributions induced in rectangular membranes by concentrated outward corner
loads acting along the diagonals. Two methods of analysis are employed. An analytical study is conducted by
means of superimposed Airy stress functions. This study is complemented by a parallel study conducted with a
commercially available finite element program. Very good agreement is obtained when results of the two studies
are compared.
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Gx, Gy = normal stresses
T^ = shear stress
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Introduction

THE Department of National Defence (DND) has been pursu-
ing a technology development program relative to the space-

based radar (SBR)1 system for a number of years. A key area of
technology is structural dynamics. Several of the satellites pro-
posed, as well as some of their subsystems, are classified as large
space structures (LSS). Typically, LSS are lightweight, structur-
ally very flexible, have low natural frequencies of vibration,
exhibit low damping, and are connected by or possess nonlinear
joints. The need to develop methods of synthesizing test results
and/or analytical and test results as well as methods of testing large
subsystems to predict on-orbit performance is recognized in the
space community.

The tensioned membrane is a structure that has already had sig-
nificant use in space systems. It is of special interest to SBR, since
one of the proposed SBR systems involves a membrane-type radar
array, referred to as the space-fed system, of approximately foot-
ball-field size which perhaps represents the ultimate in lightweight
structures. It is of interest as well to many large space systems,
including other SBR proposed satellite designs, because solar
arrays may be constructed similarly.

The subject of this paper represents a single step toward a more
general goal with respect to the development of structural dynam-
ics analytical and testing techniques for tensioned membranes
which involves the investigation in methods of continuum
mechanics, finite element methods (FEM), and modal testing
methods. Three objectives motivate the present work which
focuses on a thin rectangular membrane subjected to equal, con-
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centrated forces acting outwardly at the corners of the membrane
in directions coincident with the diagonals of the membrane, and
these are 1) to obtain a continuum mechanical solution for the
stress distribution; 2) to obtain a FEM solution for the stress distri-
bution; and 3) to compare the results of both analyses.

The stress analysis is essential to ensure that wrinkling of the
membrane, a completely unacceptable phenomenon, will be
avoided. The wrinkling phenomenon will be discussed in detail
later. Also, the stress analysis is a point of verification along the
way toward the prediction of modal frequencies and shapes (and
subsequent comparison with modal test results). This paper pro-
vides a brief description of the analysis techniques and presents a
comparison of the computed data.

Computation of Stress Distributions
Continuum Mechanical Approach

The continuum mechanical approach is based on the Airy stress
function. Because the details of the technique employed will ap-
pear in a forthcoming publication,2 only a brief description will be

Fig. 1 Rectangular membrane loaded with outward-acting symmet-
rically distributed loading on two opposite edges.
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provided here. It is essentially an extension of the technique de-
scribed by Timoshenko and Goodier.3 Three judiciously selected
Airy stress function solutions are expressed in the form proposed
by Levy as found in Ref. 4. The stress functions are then superim-
posed, and following procedures identical to those employed in the
free vibration analysis of plates5 the Fourier coefficients appearing
in the combined solutions are constrained so as to satisfy the pre-
scribed boundary conditions.

Consider a membrane problem, referred to hereafter as a build-
ing block, as shown in Fig. 1. The rectangular membrane has equal
outward acting edge loading distributed along the edges y = ±b/2.
Furthermore, these same edges are free of shear forces. The edge
loading is symmetric also with respect to the central axis x = a/2.
The stress function for this problem can be written as

(1)
m = l , 3

Substituting this function into the compatibility equation, and
taking advantage of the symmetry about the x axis, we obtain3

sinh(ce;y) (2)

where a = mn/a.
We choose to represent the applied edge normal stress of the

building block of Fig. 1 as

m = l, 3

. mnx
a

(3)

We recall the relationship between the stress function and the
in-plane stresses, i.e.,

=v

• •
(*» 30

°y =
3 <|) (x, y)

~\ -\dxdy

Enforcing the zero shear stress condition along the loaded edges
of the building block, as well as the condition expressed by Eq. (3),
we can readily evaluate the constants Clm and C2m of Eq. (2). With
these constants evaluated we now have available the stress func-

I
Fig. 3 Rectangular membrane building block subjected to shear
stress distribution along opposite edges.
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Fig. 2 Rectangular membrane building block subjected to shear
stress distribution along opposite edges.

Fig. 4 Rectangular membrane subjected to equal concentrated
forces along opposite edges at distance 5 from corners.

tion for the first building block in our solution. It is readily shown
that although this building block is free of normal stress ax along
the edges x = 0 and x = a, there exists a nonzero shear distribution
along these same edges. Let us suppose we wish to eliminate this
shear stress without adding shear stress to the edges 3; = ±b/2. We
also wish to end up with a combined final solution where the only
edge normal stresses are those given by Eq. (3).

We achieve this end by adding two more building blocks to the
first. Consider next the building block represented schematically in
Fig. 2. Here the edges y = ±b/2 are free of normal stress but are
subjected to a shear stress antisymmetric with respect to the central
axis x = a/2 and whose distribution is represented as

T*,= cos mnx
(5)

m = l , 3

The solution for this second building block is taken in a form
identical to that of the first building block [Eq. (1)]. Following
identical steps and enforcing the prescribed edge conditions we
obtain its solution in similar form, as given by Eq. (2). Of course,
the expressions for the constants Glm and C2m will be different.
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Fig. 5 Rectangular membrane subjected to equal concentrated ten-
sile loads at each corner.
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Fig. 6 Plot of truncated series representation of Dirac function k =
10, 8/0 = 0.05: vertical line at £ = 0.05 indicates desired center of load
to be represented by this function.

Note that again the edges x = 0 and x = a will have shear stress dis-
tributed along them but all edges will be free of normal edge reac-
tion.

Finally, we generate the solution for the building block of Fig. 3.
This problem differs from that of Fig. 2 in that the edges x = ±a/2
are prescribed free of normal stress, with imposed shear stress pre-
scribed in the form of Eq. (5), the coordinates x/a replacing y/b. In
fact, the solution for this third building block is obtained by simply
interchanging the variables x and y of the solution for the second
building block and interchanging the side lengths a and b in the
same solution. We now have all of the building blocks.

Consider now the problem of analyzing stresses in the mem-
brane depicted in Fig. 4. Two concentrated forces act on each of
two opposite edges at distance 6 from the corners. Other than this,
the edges are completely traction free. We wish to analyze the
stresses induced in the membrane by the concentrated forces. We
accomplish this by means of a superposition of the three stress
function building blocks described earlier.

We begin with the first building block. The concentrated forces
of Fig. 4 are considered to act on this building block. By utilizing

the Dirac function to represent these forces, we can easily repre-
sent them, in turn, by the series in Eq. (3). Therefore, the stress
function for this building block is available. On top of this function
we superimpose the second and third building block functions. Let
us say we utilize k terms in the expansion of each of these latter
two building blocks. Thus, there will be 2k unknown constants to
be determined.

To evaluate these constants we proceed as follows. We expand
the net shear stresses acting along the edges y = b/2 and x = a of
Fig. 4 in a suitable Fourier series. A cosine series is utilized here.
We require that each coefficient in these two series should equal
zero. It is noted that the first building block contributes to shear
stress along the edge x = a (Fig. 4) only. The foregoing procedure
allows us to write 2k nonhomogeneous algebraic equations relat-
ing the 2k unknowns. This procedure is identical to that employed
in Ref. 5 except that in the earlier work the equations are homoge-
neous.

We now solve the 2k simultaneous equations for the unknowns
of the second and third building blocks. The stress distributions for
the problem of Fig. 4 are immediately available, with the boundary
conditions satisfied to any desired degree of accuracy by simply
increasing the value of k to an appropriate level. Convergence is
rapid.

Finally, let us focus on the problem of interest in this paper, as
depicted in Fig. 5. This problem is easily decomposed into two
problems by breaking the concentrated loads into their compo-
nents, as represented by the broken lines in the figure. We first
solve the problem obtained by deleting the horizontal components
of the forces. Then we rotate the reference axis by 90 deg and
solve the problem where only the horizontal force components of
the figure are included. Finally, we properly superimpose the two
sets of computed stresses to obtain the final stress distribution.

Two points of clarification should be made. Firstly, it is charac-
teristic of the method of superposition as employed here that a
small residue of shear force in the form of a high frequency wave
of small uniform amplitude will remain along the edges. This resi-

-36":
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Fig. 7 Schematic representation of array of elements utilized in FE
study: stress results reported here pertain to solid dot locations at lev-
els A, B, etc.
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due is of no consequence as adjacent small waves have the effect
of cancelling out each other's effect along the edge. These residual
stresses may cause small oscillations from the true stress, along the
edges only. These oscillations can be made arbitrarily small by
increasing the number of terms in the series. Secondly, since an
infinite number of terms cannot be utilized, the integrals of the
Dirac functions will not necessarily have unit area; and, further-
more, the forces will not be truly concentrated at a point. Practi-
cally, this causes no problem. A typical series representation of the
Dirac function utilizing 10 terms is shown in Fig. 6. It will be
noted that an applied force represented by this function is essen-
tially concentrated at a dimensionless distance, 67# = 0.05, as
required in this plot. Furthermore, using simple finite series inte-
gration, the exact area under the curve of Fig. 6 is easily obtained.
This integral allows us to obtain the exact force being exerted on
the membrane with the value of k selected.

Finite Element Approach
The finite element study was carried out utilizing version 67 of

the finite element software, NASTRAN. A grid of four node quad-
rilateral plate elements was used to model the membrane. In such
elements, the in-plane axial displacements are interpolated using
bilinear basis functions. The stiffness matrices for each element
are calculated based on the displacement method, or by the strain
energy of the element as calculated through the basis functions,
and assembled globally, node by node. The loads are set and the
system is solved using one of the available solution sequences.

There are several solution sequences available in NASTRAN for
solving the stresses in a structure. With a high degree of accuracy,
the stresses can be solved using a solution sequence called SOL 64,
which takes into account geometric nonlinearity. It does this by
solving for the nodal displacements, altering the geometry of the
model based on the current solution, and solving again. The user
can specify the number of iterations. It was found for the mem-
brane problem that there was at most a 0.013% error between the
third and fourth iterations. From this solution, the displacements,
the stresses in the x and y directions, shear stress, and the principal
stresses and angles are available in numerical form. It may be
noted that if SOL 64 detects buckling, it will neither finish its run
nor provide a solution. In the region of corner loads buckling does
occur, caused by slightly negative stress in one of the principal
directions. To avoid this problem the out-of-plane degrees of free-
dom are eliminated from all of the grid points. This allows zones of
compression to appear which are not strictly indicative of the true
structural behavior of membranes, but these zones are localized to
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Fig. 8 Stresses at level A.

Fig. 10 Stresses at level C.

very small regions; however, it also allows the solution sequence to
continue.

Presentation and Comparison of Computed Results
In accordance with the techniques described, stress analyses of

two different rectangular membranes were conducted. One is a
square membrane, 36 in. (91.44 cm) along each edge, with a thick-
ness of 0.005 in. (0.127 mm) and a corner loading of 50 Ib (222.41
N). The second membrane also has a width of 36 in. (91.44 cm)
but with an aspect ratio of 2.5. It has the same corner loading of 50
Ib (222.41 N) and thickness of 0.005 in. (0.127 mm). Very good
agreement is found between the computed results of each method
for each membrane. For this reason results are presented and com-
pared for the nonsquare membrane only. It is also the more inter-
esting problem since symmetry about the diagonals does not exist
as is the case with the square membrane.

The finite element analysis for the nonsquare membrane was
conducted utilizing the element scheme shown in Fig. 7. Stresses
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Fig. 11 Stresses at level D.
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Fig. 12 Stresses at level E.

were computed and tabulated for the midpoints of these elements.
It will be noted that 25 elements run in the long edge direction with
10 running in the direction of the short edge. Because of symme-
try, the results relate to only a quarter of the elements of Fig. 7,
say, the upper left quarter. Furthermore, small local differences in
the two computed sets of results may occur in the corner region,
depending on how the local loading is applied. In the case of the
analytical-type studies, force distributions utilized are as depicted
in Fig. 6, and the dimensionless loading distances from the corners
(Fig. 5) are 8/a = 8/fc = 0.05.

All of the results obtained through the analytical studies were
computed using 10 terms in the series expansions of the Airy stress
function. As is seen (Fig. 7), 250 elements were used in the finite
element analysis. The coefficient matrix for the system of equa-
tions in the Airy stress function study, therefore, was 20 X 20.
This is a very small matrix and larger matrices could easily have
been handled. It was found, however, that in these stress computa-
tions convergence was very rapid. Utilizing more terms in the
series would have introduced no change in the plotted results to be

discussed shortly. In fact, this same rapid convergence is experi-
enced when the superposition method is utilized to analyze plate
vibration problems.

A word about membrane wrinkling is in order at this time.
Wrinkling is a phenomenon that will occur at any point in a flexi-
ble membrane where one, or both, of the computed in-plane princi-
pal stresses becomes negative. Prediction of wrinkling is easily
achieved with the analytical approach. One simply computes the
in-plane normal and shear stresses for an entire grid of points
throughout the membrane. From this set of stresses the two in-
plane principal stresses are immediately computed and examined
for the same grid of points. One of two possible outcomes will
occur as follows.

1) All principal stresses are positive. This implies that no wrin-
kling occurs throughout the membrane and the solution for the
stress distribution is valid. It is assumed here that the grid of points
examined is of a sufficient density and of a sufficient area cover-
age so that results are representative of the entire membrane.

2) One or more principal stresses are negative at certain points
in the grid. This implies that the stresses as computed are not
totally correct. Wrinkling will initiate at points of indicated nega-
tive principal stress and resultant displacements and strains may
affect the stresses at other points in the grid.

In the analytical-type studies reported here, no negative princi-
pal stresses were encountered. With the finite element approach
certain small negative principal stresses were detected in the
loaded corners of the membrane. This may be due to slight differ-
ence in the local application of statically equivalent corner loads. It
was logically concluded that these low level negative stresses
could effect stress and strain distributions in the immediate region
of the applied load only, and for this reason their effects were sup-
pressed as discussed earlier.

For purposes of presentation stresses at levels A-E only, as
denoted in Fig. 7, are plotted. Each plot begins at the center of the
element on the left-hand side of the figure and discrete values of
the stresses are plotted for the central points of the first five ele-
ments moving to the right. In the plots, points are joined by simple
straight lines.

The results of the study related to the nonsquare membrane are
presented in Figs. 8-12. The legend in each figure denotes sym-
bols utilized for representing stress function (SF) results and finite
element (FE) results. It will be noted that the stresses ax and/or T^
are missing from some of the figures. This is because in such cases
their values are close to zero.

It is seen that at level A, Fig. 8, the computed stresses from SF
and FE predictions are so close that they are essentially coincident.
This is the case in most plots. The stress Gy is nearly uniform in
this figure, and it is easily shown that its integral across the figure
is almost exactly that required to balance the applied end loads.
Because of symmetry, the computed shear stress at level A is 0.

Little difference is encountered in examining the stresses of
level B, Fig. 9. This location is far enough from the membrane's
short edges for this to be the case.

At level C, Fig. 10, good agreement continues between the com-
puted stresses but now the stresses Gx and 1^ are no longer negligi-
ble. This, of course, is to be expected on moving out toward the
membrane short edge and the point of loading.

At level D, Fig. 11, the stress Gy is seen to be highly nonuni-
form. Toward the left of the figure the stress is of much greater
magnitude as this represents the region immediately under and
close to the loading point. The region to the right of the figure is
not sufficiently removed from the loading point for the stresses to
have diffused into this area.

At level E, Fig. 12, it is noted that the stress cy takes on very
high values in the region under the loading point. It falls off rap-
idly to near-zero values on approaching the membrane long center-
line. In this latter figure, small differences in the stress values com-
puted by the two methods may be observed, mainly in the region
under the load point. As mentioned earlier, such small differences
are to be anticipated in this region due to the different ways in
which the reactions of the applied concentrated forces on the mem-
brane are modeled (see Fig. 4, for example). In general, we do not
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require highly accurate solutions for the stresses at the immediate
point of loading. As long as the applied load modeling gives us
reactions on the membrane which are statically equivalent to the
actual applied loads, our solutions for stresses will be very good in
regions removed from the local loading area. It is seen here that
there is also very good agreement between stress distributions
obtained by each of the two methods of analysis.

Discussion and Conclusions
Stress distributions in corner loaded membranes have been com-

puted by analytical means employing stress functions and also by
means of a commercially available finite element method. Very
good agreement is obtained when the two sets of computed results
are compared. This attests to the mathematical validity of each
method and indicates that they can be employed with confidence
in future research and development work of this type.
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